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Spinmotive force with static and uniform magnetization
induced by a time-varying electric field
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A new spinmotive force is predicted in ferromagnets with spin-orbit coupling. By extending the
theory of spinmotive force, we show that a time-varying electric field can induce a spinmotive force
with static and uniform magnetization. This spinmotive has two advantages; it can be detected free
from the inductive voltage owing to the absence of dynamical magnetization and it can be tuned by
electric fields. To observe the effect, we propose two experimental setups: electric voltage measure-
ment in a single ferromagnet and spin injection from a ferromagnet into an attached nonmagnetic
conductor.
I. INTRODUCTION
Investigation of mutual interaction between electrons
and magnetization is a key subject in the field of
spintronics.1 Spinmotive force (SMF) is an emerging
concept,2 where spin current and electric voltage are in-
duced in a ferromagnet due to the exchange coupling be-
tween electrons and the magnetization. The SMF pro-
vides an important ground for the basic study of the
electron-magnetization interaction,2–22 as well as a new
concept for spintronic devices.23–25 The SMF is described
by the so-called spin electric field, which accelerates elec-
trons in opposite directions depending on their spin, giv-
ing rise to a spin current in the ferromagnet and then an
electric voltage. Until recently, adiabatic and nonadia-
batic contributions to the spin electric field have been de-
rived, which depend on both ∂m/∂t and ∇m,2–8 where
m is the classical unit vector of the magnetization direc-
tion, and ∂/∂t and ∇ represent the derivatives with re-
spect to time and space, respectively. Therefore, the ap-
pearance of the SMFs is confined in time-varying and spa-
tially nonuniform magnetization regions, such as moving
domain walls,9,10 vortex cores,11 and asymmetrically pat-
terned films.12 Recently, it has been pointed out that in a
system with Rashba spin-orbit (SO) coupling there exist
additional spin electric fields relying only on ∂m/∂t.13,14
The discoveries have enabled us to generate a SMF in
time-varying but spatially uniform magnetic structures,
such as ferromagnetic resonance systems.
In this work the theory of SMF is further extended in a
system with SO coupling, in which a sample is subjected
to electric fields that can vary in time. We predict a new
SMF relying on neither ∂m/∂t nor ∇m; a new spin elec-
tric field is found to be proportional to m×∂E/∂t, with
E a U(1) electric field. Thus the SMF can be generated
due to time-varying electric fields with static and uniform
magnetization. This SMF has two advantages compared
with the other forms of SMFs. (i) The electrical mea-
surement of the SMF is free from the inductive voltage
because of no dynamical magnetization. (ii) The SMF
can be tuned by the electric fields free from the charac-
teristic frequencies inherent in ferromagnets, such as the
ferromagnetic resonance frequency. We demonstrate the
SMF in two systems: electric voltage measurement in a
single ferromagnet and spin injection from a ferromagnet
into nonmagnetic conductor.
II. FORMALISM
In a nonrelativistic limit up to the order of 1/c2 with
c the speed of light, the Hamiltonian of a conduction
electron in a ferromagnetic conductor is written by
H =
p2
2me
+ Jexσ ·m−
eηso
h¯
σ · (p×E) , (1)
where me and −e are the electron’s mass and charge.
The second term represents the exchange interaction be-
tween the electron spin and the magnetization, with Jex
the exchange coupling energy and σ the Pauli’s matrices.
In the third term we introduce a SO interaction, with the
SO coupling parameter ηso = h¯
2/4m2ec
2 for the free elec-
tron model, but in real materials ηso can be enhanced by
several orders of magnitude.26 The magnetizationm and
the electric field E are in general dependent on time and
space.
To derive SMFs, let us investigate the equation of mo-
tion for the conduction electron. The velocity operator
v is given by v = (1/ih¯)[r,H] = p/me+(eηSO/h¯)σ×E,
where the second term in the last line is the so-called
anomalous velocity. The “force” F acting on the elec-
tron is given by F = (1/ih¯)[mev,H]+∂(mev)/∂t, which
is explicitly expressed as
F = −Jexσ · ∇m+
emeηso
h¯
σ ×
∂E
∂t
+
emeηsoJex
h¯
[σ ×E,σ ·m]. (2)
The first term in the right-hand side of Eq. (2) is just the
spatial gradient of the potential energy Jexσ ·m, while
the second term originates from the time derivative of
the anomalous velocity. The third term is due to the
noncommutating nature of the anomalous velocity and
the exchange coupling energy. Equation (2) is an SU(2)
2operator containing the Pauli matrices σ that play as the
electron spin operators.
Next, the expectation value of the force 〈k ± |F |k±〉
is calculated by determining the electron spin dynamics
〈k ± |σ|k±〉, where |k±〉 stands for a one electron state
with momentum h¯k and majority (+) or minority (−)
spin. It is assumed that the electron spin dynamics is
described by a Bloch-type equation of motion,
∂
∂t
〈k ± |σ|k±〉 = −
2Jex
h¯
〈k ± |σ|k±〉×m−
δm±
τsf
, (3)
where τsf is the relaxation time for the electron spin
flip, and δm represents a misalignment between the elec-
tron spin and the magnetization, which is defined as
〈k ± |σ|k±〉 = ∓m+ δm±. The first term in the right-
hand side of Eq. (3) is the Larmor precession around
the magnetization m caused by the exchange coupling.
On the other hand, the second term arises because of
the SO coupling with impurities, other electrons and so
on, describing a damping motion towards −m (+m) for
the majority (minority) spin. Equation (3) implicitly as-
sumes the condition Jex ≫ eηso|k||E|, where the electron
spin dynamics is mostly dominated bym due to the rela-
tively strong exchange coupling, while the SO interaction
still plays an important role causing the relaxation mo-
tion through the nonadiabatic spin flip process.
The misalignment δm± is essential for 〈k±|F |k±〉, al-
though in general it is small compared to the component
∓m. One can easily see that the values, 〈k±|σ ·∇m|k±〉
and 〈k± |[σ ×E,σ ·m]|k±〉, appearing in the force are
zero if 〈k±|σ|k±〉 = ∓m. Without loss of generality, we
can decompose δm± into two directions perpendicular to
the magnetization as δm± = X±m×dm/dt+Y±dm/dt,
whereX± and Y± are spin-dependent constants, and d/dt
is the Lagrange derivative as d/dt = ∂/∂t+〈k±|v|k±〉·∇.
By substituting 〈k±|σ|k±〉 with this expression of δm±
into Eq. (3) and comparing the left-hand and right-hand
sides, the explicit forms of X± and Y± are determined.
In the process, the term ∂δm±/∂t, which is the order of
∂2m/∂t2, is discarded. The electron spin is in the end
expressed in terms of the magnetization as5
〈k±|σ|k±〉 = ∓
[
m−
h¯
2Jex
(
m×
dm
dt
+
h¯
2Jexτsf
dm
dt
)]
.
(4)
Substituting Eq. (4) into the expectation value of
Eq. (2), we obtain
〈k ± |F |k±〉 = −eE±, (5)
where E± is the spin electric field that is given by
E± = ±
h¯
2e
m×
∂m
∂t
· ∇m±
h¯
2e
h¯
2Jexτsf
∂m
∂t
· ∇m
±
meηso
h¯
∂
∂t
(m×E)
∓
meηso
h¯
h¯
2Jexτsf
(
m×
∂m
∂t
)
×E. (6)
In Eq. (5) the velocity-dependent terms are discarded,
which include the spin magnetic fields causing the
anomalous Hall effect due to the scalar spin chirality27,28
and due to the SO interaction.29 We now consider an
open circuit condition where the ensemble average of
〈k ± |v|k±〉 is zero, and focus on the effects of the spin
electric field E±.
The spin electric field (6) accelerates the electrons with
majority and minority spins in opposite directions to
each other, giving rise to a spin current accompanied by
an electric voltage. The first term in Eq. (6) has been
known as the origin of the conventional SMF.2–5 The sec-
ond term reflects the nonadiabaticity in the electron spin
dynamics,6–8 which goes to zero in the adiabatic limit
Jexτsf → ∞. Since these two terms depend on ∂m/∂t
and ∇m, the appearance of the SMFs due to these spin
electric fields are spatially confined in time-varying and
spatially nonuniformmagnetization regions. The last two
terms in Eq. (6), which contain the SO parameter ηso,
do not depend on ∇m. The fourth term, reflecting the
nonadiabatic dynamics of the electron spin, was recently
derived in the Rashba SO coupling systems based on the
diagrammatic calculation.14 In Ref. 13, the spin electric
field proportional to ∂m/∂t×E was found in the Rashba
SO coupling systems, where the electric field E due to
the inversion asymmetry is assumed to be static. We
found that this spin electric field is just a part of a spin
electric field proportional to ∂(m×E)/∂t, i.e., the third
term in Eq. (6); there appears an additional spin electric
field proportional to m× ∂E/∂t.
It should be noted that since the new spin electric
field can be induced with static and uniform magneti-
zation, one can investigate the SMF electrically in detail
under no disturbance arising from the inductive voltage,
in contrast to the other SMFs. In addition, this term
may be tuned via electric fields with variable frequen-
cies, whereas the time depedence of the other terms are
governed by the magnetization dynamics. In the follow-
ing, we propose two systems to demonstrate the SMF.
III. VOLTAGE MEASUREMENT
Let us consider a thin film of ferromagnetic conduc-
tor, which has a static and uniform magnetic structure
m(r, t) = yˆ and is subjected to a space-independent ac
electric field E(r, t) = E0 sinωtzˆ, with E0 and ω the
amplitude and the angular frequency of the electric field,
respectively, and iˆ the unit vector along the i axis (i = x,
y, or z). Here zˆ axis is set to be normal to the film plane
[see Fig. 1(a)]. In this condition, Eq. (6) is reduced to
E± = ±
meηSO
h¯
E0ω cosωtxˆ. (7)
Our sample may be as thin as the order of the Thomas-
Fermi screening length, i.e., consisting of one or two
atomic layers, so that external electric fields can survive
to some extent inside the film though it is conducting. In
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FIG. 1. (a) Measurement scheme of the electric voltage V
due to the SMF with the static and uniform magnetization
m. The electric field varying sinusoidally in time is applied
by the gate voltage VG. The electric voltage appears perpen-
dicular to both the time derivative of the electric field and the
magnetization. (b), (c) Time evolution of a certain applied
electric field and the corresponding electric voltage V . The
ac electric field gives rise to the ac electric voltage with the
same frequency and the pi/2 phase shift. The amplitude of V
is proportional to the angular frequency of the electric field
and the distance between the electrodes L.
another case, applying gate voltages allows one to control
the intrinsic electric fields due to the inversion asymme-
try in semiconductors.30,31 In this section, the electric
voltage due to the spin electric field (7) is investigated.
The difference in the electric conductivities of the ma-
jority and minority electrons, σ↑F and σ
↓
F , respectively,
results in the charge current jc(t), which is given by
jc(t) = σ
↑
FE+ + σ
↓
FE− =
PσFmeηSO
h¯
E0ω cosωtxˆ. (8)
Here P is the spin polarization defined as P = (σ↑F −
σ↓F )/(σ
↑
F + σ
↓
F ) and σF = σ
↑
F + σ
↓
F . The complex admit-
tances should be used instead of the conductivities as we
are considering the ac charge current. However, for sim-
plicity here we consider a condition where the reactance
of the circuit is small enough so that the admittances are
well approximated by the conductivities.
In the open circuit condition, the charge current (8)
is canceled by the electric charge rearrangement, giving
rise to an electric potential distribution φ(x, t) so that
jc(t) − σF ∂φ(x, t)/∂x = 0. The electric voltage V ap-
pearing between the sample edges, where x = −L and 0,
is provided by
V =
∫ 0
−L
dx
∂φ(x, t)
∂x
=
PmeηSOL
h¯
E0ω cosωt. (9)
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FIG. 2. (a) Schematic of the spin injection from a ferromag-
net (F) into a nonmagnet (N). The spin current js induced in
F due to the spin electric field (7) gives rise to a spin accumu-
lation at the F/N interface, which decays in N as the diffusive
spin current jNs within the spin diffusion length. (b) Spatial
dependence of the spin accumulation. The spatial gradient
of the spin accumulation gives the injected spin current jNs .
The coefficients AF1 , AF2 and AN are determined by solving
the diffusion equation (11) for F and N layers.
The amplitude of the voltage can be tuned by the dis-
tance between the electrodes L and the angular frequency
of the electric field ω. Notice that V and E vary in time
with the same angular frequency ω, but their phases are
different by pi/2 since the spin electric field is propor-
tional to the time derivative of E; V ∝ cosωt, while
Ez ∝ sinωt, indicating that one can readily distinguish
the SMF signal from the possible anomalous Hall voltage,
which is proportional to E itself. No inductive voltage
appears in the present system because there is no dynam-
ical magnetization.
In Figs. 1(b) and 1(c), the time evolution of Eq. (9) is
shown together with that of the electric field. The ampli-
tude of V is ∼30 µV, adopting the typical parameters in
a thin film of ferromagnetic metals: me = 9.1×10
−31 kg,
ηso = 10
−21 m2, P = 0.5, E0 = 10
6 V/m, ω = 2pi × 109
s−1, and L = 1 mm.
IV. SPIN INJECTION
Next, we investigate a spin injection method by using
the spin electric field (7). Let us consider a nonmagnetic
conductor (N) attached to the ferromagnet (F), which
has the in-plane magnetization and is subjected to the
sinusoidally varying electric field as before [Fig. 2(a)]. In
F layer, the spin electric field (7) induces not only the
4charge current (8) but also the spin current
js = −
(
σ↑FE+ − σ
↓
FE−
)
= −
σFmeηSO
h¯
E0ω cosωtxˆ,
(10)
giving rise to a spin accumulation at the ends of F, which
diffuses into N and decays within the spin diffusion length
[Fig. 2(b)]. The injected spin current into N, jNs , is cal-
culated below.
The spin accumulations in F and N, µ↑F (N) − µ
↓
F (N),
with µ
↑(↓)
F (N) the electrochemical potential for a electron
with majority (minority) spin in F (N), obeys the diffu-
sion equation1,7
∇2(µ↑F (N)−µ
↓
F (N)) =
1
λ2F (N)
(µ↑F (N)−µ
↓
F (N))−2e∇·E+,
(11)
where λF (N) is the spin diffusion length in F (N). By
substituting the spin electric field (7), which appears only
in F, into Eq. (11), the forms of the solutions are
µ↑F − µ
↓
F = AF1e
x/λF −AF2e
(x+L)/λF , (12)
µ↑N − µ
↓
N = ANe
−x/λN , (13)
where the origin of the x axis is located at the F/N inter-
face. Here we assume that N is much wider than λN in
the x direction, so that the spin accumulation at another
end of N can be neglected. The coefficients AF1, AF2,
and AN are determined from the boundary conditions for
the electrochemical potentials, µ
↑(↓)
F (0, t) = µ
↑(↓)
N (0, t),
the spin current, js(−L, t) = 0 and js(0, t) = j
N
s (0, t),
and the charge current that is zero both in F and N be-
cause of the open circuit condition. Thus we obtain
AF1 = AN = −
1
1 + α
2eλF
meηso
h¯
E0ω cosωt, (14)
AF2 = 2eλF
meηso
h¯
E0ω cosωt, (15)
where α is a dimensionless parameter defined as
α =
λFσN
λNσF (1− P 2)
, (16)
with σN the electric conductivity of N. The spin current
in N is given by
jNs = −
σN
e
∇
(
µ↑N − µ
↓
N
)
, (17)
which oscillates in time with the angular frequency ω.
Adopting the same parameters as before and λN = 1
µm, λF = 10 nm, and σF = σN = (1 µΩcm)
−1, the
amplitude of js(0, t) at the F/N interface is ∼5 × 10
4
A/m2.
V. CONCLUSION
In conclusion, the theory of spinmotive force has been
extended in a system with spin-orbit coupling, and a new
spinmotive force was derived, which can be induced by
time-varying electric fields with static and uniform mag-
netization. This spinmotive force has two advantages
compared with the other SMFs. (i) The electrical mea-
surement of the spinmotive force is free from the induc-
tive voltage. (ii) The spinmotive force can be tuned by
the electric fields free from the characteristic frequencies
inherent in ferromagnets such as the ferromagnetic reso-
nance frequency. We have demonstrated the spinmotive
force in two systems: electric voltage measurement in a
single ferromagnet and spin injection from a ferromagnet
into a nonmagnetic conductor.
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